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In the spirit of a classical results for Crump-Mode-Jagers processes, 
we prove a strong law of large numbers for homogenous fragmentation 
processes. Specifically, for self-similar fragmentation processes, includ- 
ing homogenous processes, we prove the almost sure convergence of an 
^ ■ empirical measure associated with the stopping line corresponding to 

first fragments of size strictly smaller than rj for 1 > r/ > 0. 
Key words: Fragmentation processes, Strong Law of Large Numbers, 
£NJ ■ Additive Martingales. 
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1 Fragmentation Processes 

^ ■ Fragmentation processes have been the subject of an increasing body of lit- 

erature and the culmination of this activity has recently been summarised, 
for example, in the recent book of Bertoin fy. Some of the mathematical 
roots of fragmentation processes lay with older families of spatial branching 
processes that have also seen periods of extensive interest such as branching 
random walks and Crump-Mode-Jagers processes. Irrespective of modern 
or classical perspectives, such models exemplify the phenomena of random 
splitting according to systematic rules and, as stochastic processes, they may 
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be seen as modelling the growth of special types of multi-particle systems. 
In such cases where there is a random accumulation of many particles, from 
a mathematical perspective, it is natural to look for classical behaviour such 
as large deviations, central limit theorems, local limit theorems and strong 
laws of large numbers. Many studies have already been carried out in this 
spirit, see for example (si; 0; ID; 12; 14; Q; [23]. In this article our aim 



is to contribute to this family of literature by proving a strong law of large 
numbers for fragmentation processes. To state more clearly the main result, 
we shall first devote some time defining several of the quantities involved. 

We are interested in the Markov process X := {X(£) : t > 0} where 
X(t) = (Xi(t), Xz(t), ■ • ■ ) and takes values in 

{oo 
s = (s 1 , s 2 , ■ ■ • ) : s > s 2 > ■ ■ ■ > 0, ^ Si < 1 
i=i 

that is to say, the infinite simplex of decreasing numerical sequences with sum 
bounded from above by 1. Its probabilities will be denoted by {P s : s 6 S} 
and, for s G (0, 1], we shall reserve the special notation P s as short hand for 
P( S) o,...) and in particular write P for Pi. The process X possesses the fragmen- 
tation property, to be understood as follows. Given that X(t) = (s±, S2, ■ • • ) 
where t > 0, then for u > 0, X(t+w) has the same law as the variable obtained 
by ranking in decreasing order the sequences ~X.^(u), X.( 2 \u), ■ ■ ■ where the 
latter are independent, random mass partitions with values in S having the 
same distribution as X(m) under P Sl , P S2 , • ■ ■ respectively. The process X, 
henceforth called a mass fragmentation process, is said to be self-similar with 
index a G 1 if further, for every r > 0, the law of {rX(r Q t) : t > 0} under P 
is P r . In the special case that a = 0, we call X a homogenous fragmentation 
process. The monograph of Bertoin |9| gives a very precise and complete 
account of the existence and characterization of such processes. However, for 
later convenience, we shall provide here some additional but modest insight 
into the stochastic structure of homogenous processes. 

It is known that homogenous fragmentation processes can be character- 
ized by a dislocation measure v on S such that z^({(l, 0, •••)}) = and 

J (1 — si)v(ds) < oo. 

One may also include the possibility of continuous erosion of mass, however, 



2 



this feature will be excluded in this article. In the case that 

*(|><lj=0 (1) 

we say that the fragmentation process is conservative and otherwise dissipa- 
tive. 

Roughly speaking, the dislocation measure specifies the rate at which 
blocks split so that a block of mass x dislocates into a mass partition xs, 
where s G 5, at rate v(ds). To be more precise, consider a Poisson point 
process {(s(i), k(t)) : t > 0} with values in S x N and intensity measure 
v (g) (j where Jj denotes the counting measure on N = {1, 2, ■ ■ • }. Then the 
homogenous fragmentation process associated with v changes state at all 
times t > for which an atom (s(t),k(t)) occurs in «S\{(1, 0, • • ■ )} x N. 
At such a time t, the sequence X(t) is obtained from X(t— ) by replacing 
its fc(£)-th term, Xk{t){t—), with the sequence Xk(t){t—)s(t) and ranking the 
terms in decreasing order. When u(S) < oo there is finite activity over finite 
intervals of time in the underlying Poisson point process. Otherwise said, 
individual blocks remain unchanged for exponential periods of time with 
parameter v(S). In this case, by taking the negative logarithm of fragment 
sizes, the fragmentation process is akin to a Markovian (or continuous time) 



branching random walk; see for example Biggins 16] or Uchyama [30||. One 
may also think of a fragmentation process in this setting as closely related 
to a Crump-Mode- Jagers process where the negative logarithm of fragment 



sizes plays the role of birth times; see for examples Jagers [26j. The case that 
v(S) = oo is the more interesting case in the sense that there are a countable 
but infinite number of dislocations over any finite time horizon and therefore, 
mathematically speaking, many results need to be handled differently to the 
case of branching random walks or Crump-Mode-Jagers processes. 

The above construction focuses on mass partitions, however, it can also 
be seen as the natural consequence of a more elaborate Poissonian procedure 
concerning the partition of the natural numbers. Let V be the space of 
partitions of the natural numbers. Here a partition of N is a sequence n = 
(ttx, 7T 2 , ■ • ■ ) of disjoint sets, called blocks, such that [J j i\i = N. The blocks of 
a partition are enumerated in the increasing order of their least element; that 
is to say min7Tj < min7Tj when i < j (with the convention that min0 = oo). 
Now consider the measure on V, 

n(dn) = J g s (d , K)v(ds), (2) 
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where £>s_is the law of Kingman's paint-box based on s (cf. Chapter 2 of 
Bertoin [9||). It is known that \x is an exchangeable partition measure mean- 
ing that it is invariant under the action of finite permutations on V . It is 
also known (cf. Chapter 3 of Bertoin Q|) that it is possible to construct a 
fragmentation process on the space of partitions V with the help of a Poisson 
point process on V x N, {(ir(t), k(t)) : t > 0}, which has intensity measure 
/x<8> (j. The aforementioned V- valued fragmentation process is a Markov pro- 
cess which we denote by II = {11(f) : t > 0}, where U(t) = (Ili(t), n 2 (t), • • • ) 
is such that at all times t > for which an atom (n(t), k(t)) occurs in 
(V\N) x N, U(t) is obtained from U(t—) by partitioning the k(t)~th block 
into the sub-blocks (Hk(t)(t— ) fl 7Tj(t) : j — 1,2, • • •). Thanks to the proper- 
ties of the exchangeable partition measure \i it can be shown that, for each 
t > 0, the distribution of Il(t) is exchangeable and moreover, blocks of Il(t) 
have asymptotic frequencies in the sense that for each ieN, 

\IU(t)\:=]w-${IU(t)n{l,--- ,n}} 

nfoo n 

exists almost surely. Further, the ranked ordering of these asymptotic fre- 
quencies form a homogenous mass fragmentation process with dislocation 
measure v. 

For future reference we also note from Proposition 2.8 of Bertoin that 
the ordered asymptotic frequencies of tt sampled under g s , written \tt\^, satisfy 
|/Tp = s almost surely and \tti\ is a size-biased sample of s almost surely. Here 
'size-biased sample' means that £? s (Ki| = s*) = for i — 1, 2, • • • . It thus 
follows from j2j) and Fubini's theorem that for non-negative test functions 
/ : [0, 1] -> [0, oo) with /(0) = and g : S -> [0, oo), 

^ktt/CMMtfcr) = / / »(B)/(|7r 1 |) fll (d7r)i/(dB) 

Js Jv 

oo 
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(3) 



In the forthcoming discussion, unless otherwise stated, we shall exclu- 
sively understand (X, P) to be a homogenous mass fragmentation processes 
as described above and refer to the underlying P-valued fragmentation pro- 
cess as n. 
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Let us introduce the constant 



p := inf <p6i: 



S 



JH-l 



u(ds) < oo 



which is necessarily in (—1,0]. It is well known that 

*(„) = j s (1 - f>r ^ k*) 

is strictly increasing and concave for p G (p, oo). Let us assume the following. 
(Al): If p = then 

$'(o+) = jf (x> lo § (7) j < °°- 

The function <3> has a special meaning in the context of the growth of a 
typically 'tagged' fragment. If one considers the process £ = {£ t : t > 0}, 
where 

6 := -login^t)!, 

then the underlying Poissonian structure implies that £ is a subordinator. 
Moreover $ turns out to be its Laplace exponent meaning that 

: = -r 1 logE(e- pSt ) 

for all p > 0. The subordinator £ is killed at rate $(0) > (with zero killing 
rate meaning that there is no killing). Further, when p < 0, £ has finite 
mean, that is to say $'(0) < 00 and then same is true when p = thanks to 
(Al). 

Through the exponent $ we may introduce the Malthusian Parameter p* 
which is the unique solution to the equation <3>(p*) = when it exists. In the 
conservative case, it always exists and satisfies p* = 0. For the dissipative 
case, we introduce an extra assumption to cater for its existence. 

(A2): If v is dissipative, there exists a p* > p such that $(p*) = 0. 

Note that necessarily in the dissipative case p* < and then $(0) > 
0. A second assumption we will need with with regard to the Malthusian 
parameter in the dissipative case is the following. 
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(A3): If v is dissipative then there exists a po G (1, 2] such that 



From this moment on we shall always assume, unless otherwise stated that 
assumptions (Al), (A2) and (A3) are in force. 

Let X,j := {X v j : j > 1} be an arbitrary enumeration of fragments as 
they are frozen at the instant they become strictly smaller than 1 > r\ > 0. 
The set is a classic example of the resulting family of fragments obtained 
when stopping the fragmentation process X at a stopping line (corresponding 
to the first fragment in its line of decent to be smaller than r] in size) for which 
the so-called extended fragmentation property holds. The latter says that, if 
T n is the natural filtration generated by sweeping through the fragmentation 
process up to the stopping line X^, then given T n the subsequent evolution 
of the fragments in X^ are independent and are copies of X with respective 
laws Px„ij I B x 7 ,2)'"- See Definition 3.4 and Theorem 3.14 of Bertoin 
respectively. Moreover we may talk of {X,, : 1 > r\ > 0} as a monotone 
sequence of stopping lines since, if r( < rj, then every fragment in X^' is either 
a fragment of X^ or the result of a sequence of dislocations of a fragment in 
X,j. For convenience, when r\ > 1 we shall simply define X^ as a block of 
unit size. 



Bertoin and Martinez [U|| propose the idea of using a fragmentation pro- 
cess to model the crushing of rocks in the mining industry. In that setting, 
one assumes that rock fragments, occurring as the consequence of subjecting 
a single boulder to a continuous crushing process, are representation by the 
evolution of X. If rock fragments are no longer subject to crushing the mo- 
ment that they are small enough to pass through a mesh of fixed diameter, 
then one may think of the stopping line X,, as the sizes of what falls through 
the mesh throughout the entire crushing process. 

In the setting of a C-M-J process, where birth times correspond to the 
negative logarithm of fragment sizes, the analogue of the stopping line X^ is 
what is known as the coming generation. 
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2 Main result 



The main object of interest in this paper is the following family of random 
measures on [0, 1] 

Pv(-) = J2 X vT' 6 ^M-), 1>V>0, (4) 



where 6(-) is the dirac measure, assigning unit mass to sets which contain the 
point x. Here we assume that (A2) is in force. For all bounded measurable 
functions / : [0, 1] — > [0, oo) we write 



Our objective is to show (p v , f) behaves, as 77 J, 0, like the limit of a classical, 
unit mean martingale, up to a multiplicative constant which depends on /. 

The aforementioned classical unit mean martingale is {X^i X] +p (t),t > 
0}; it is the analogue of the classical additive martingale for branching ran- 



dom walks. In Theorem 1 of [13|| the analogue of the classical Biggins' Mar- 



tingale Convergence Theorem was proved which shows in particular that 

A(p*) :=limX>/ +P » 

exists in the L X (P) sense (in addition to being a P-almost sure limit). Note, 
in the conservative case we have trivially that A(p*) = 1 on account of the 
fact that p* = and total mass is preserved at all times, Xi{t) = 1 f° r 
all t > 0. As a prelude to the main result, the next lemma shows us that the 
total mass of the empirical measure ((4]) is a uniformly integrable martingale 
with the same limit A(p*). 

Lemma 1. We have that 

(p v ,l)=E(A(p*)\F ri ) for 1>7?>0, 

showing in particular that {(p v ,l) : 1 > r\ > 0} is a uniformly integrable, 
unit mean martingale. 
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Proof. Suppose that A v (t) corresponds to the indices of fragments in X(£) 
which are neither fragments in nor descendent from fragments in the 
stopping line X^; that is to say, A v {t) corresponds to the indices of fragments 
in X(i) which are greater than or equal to rj in size. Also write T> n {t) for 
the indices of fragments in X^ which are either in X(t) or have descendants 
in X(t). Then by the extended fragmentation property and the fact that 

E (E l =i^ 1+P *( t )) = 1 for all t > 0, we have 



E 



i=l 



r„ i = E ^ +p » + E Kj 

ieA v {t) jeD v (t) 



(5) 



It is known that the largest fragment decays at an exponential rate (cf. 
Bertoin Q) and hence there exists an almost surely finite time T such that 
A v (t) = (and thus T> v (t) contains all the indices of the stopping line X^) 
for all t > T. In that case, taking limits as t j oo in (jnj) we get 



limE E X ^(*) 
i=i 



(6) 



Note also that, since A(p*) is an L 1 (P) limit and 



E 



E 



T 



E(A(p*)|^ 



< E 



E^ +p *(o-a(p*) 



i=l 



the random variable E (A(p*)| T^) is the L X (P) limit of E X l +P * (*) 

as 1 1 00 • Referring back to ([6]) we deduce that in fact 

(p„l)=E(A(p*)|^) 

which implies the statement of the lemma. □ 

In the conservative case the martingale (p v , 1) is of course trivially identi- 
cally equal to 1 for all 1 > 77 > 0. In the dissipative case, although the limiting 
variable A(p*) is the result of L 1 (P) convergence, it is not immediately clear 
that P(A(p*) > 0) = 1. However by conditioning on the state of the fragmen- 
tation process at time t > 0, one easily shows that if <p(x) = F x (A(p*) = 0) 
for any 1 > x > 0, then 

0(x)=E x (jl^X^. 
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Note however that by homogeneity, for all 1 > x > 0, F x (A(p*) = 0) = 
P(xA(j9*) = 0) = P(A(p*) =0). It follows that if P(A(p*) = 0) < 1 then 
= for all 1 > x > 0. In partcular, P(A(p*) = 0) = 0. The only other 
possibility is that P(A(p*) = 0) = 1 which contradicts the fact that A(p*) is 
an L^Pj-limit. 

Now consider the completely deterministic measure p on [0, 1] which is 
absolutely continuous with respect to Lebesgue measure and satisfies 



p{ - du) = i 7 ^) (^ 1 {«> s «} s « +P * z/ ( rfs )) 



du 
u 



where, in the case that p* = we understand = $'(0+). For bounded 

measurable functions / : [0, 1] — * [0, oo) we write 



(PJ) 



The measure p has a special meaning for the subordinator £. Let us 
suppose that P is taken as the intrinsic law associated with £. On account 
of the fact that = 0, the quantity & p *\q) : = $(g + p*) for p > 

represents the Laplace exponent of £ under the change of measure 



dP 



ff{6:«<*} 



If m is the jump measure associated with (£, P) and m( p *) is the jump measure 
associated with (£,P( p *)), then standard theory tells us that m^ p *\dx) = 
e -p x m ^d x ^ f or x > 0. In terms of the dislocation measure v we may thus 
write (cf. p. 142 of Bertoin Q) that 



m (p*) 



(da:) = e - x(1+p * } ^ log Si G da;) (8) 



i=i 



for x G (0, oo). It is also known from classical renewal theory (cf. Bertoin 
0|) that as E( p *)(G) = $'(p*) < oo, 

limE (p,) (( T(ir xG dz) = _J_- m (P*)((^oo))^ 
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where t(x) = inf{t > : & > x}. It is therefore straightforward to show, 
using (jHJ) and a change of variables, that for any bounded measurable / : 
[0,l]-[0,oo), 

limE^'^e-^W- 1 )) = ( p J). (9) 

rcfoo 

Our main theorem, below, relates the limiting behaviour of p v to p. 

Theorem 1 (Strong Law of Large Numbers). For any homogenous fragmen- 
tation process we have 

l im ^41 = A( p *) P _ fl . s . 

(p,f) 

for all bounded measurable functions f : [0, 1] — > [0, oo). 

The above result can also be rephrased in a slightly different way which is 
more in line with classical results of this type for spatial branching processes. 
As a consequence of the forthcoming Lemma [2] it can easily be shown that 

E((p v J)) = E^)[/(e-^t-^> +10 ^)], 

in which case, taking note of the statement of the theorem may also be 
read as 

M ^'^ =A(p*) 

P-almost surely. 



Theorem CD extends Corollary 2 of Bertoin and Martinez [111] where L 2 (P) 
convergence had been established in the conservative case. See also Proposi- 
tion 1.12 of @. It also lends itself to classical strong laws of large numbers 



that were proved by Nerman [29| in the setting of C-M-J processes, Asmussen 
and Herring [H; 0] in the context of spatial branching processes and, more 
recently, Englander, Harris and Kyprianou 21|, Chen and Shiozawa Il8l | and 
Chen, Ren and Wang [19] for branching diffusions and Englander [20] and 
Englander and Winter [22|] for superdiffusions. 

Theorem [T] also gives rise to a strong law of large numbers for self-similar 
fragmentation processes. Recall that any self-similar fragmentation process 
with a given dislocation measure v and index a G R may be obtained from 
the associated homogenous process via the use of stopping lines. Indeed it 
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is known (cf. Bertoin [6]) that, in the V- valued representation of a given 
homogenous fragmentation process, if one defines the stopping times 

6$) = inf jw > : J \Ui(s)\- a ds > t J 

for each i G N, then stopping the block in II which contains the integer % at 
9i(t) for each % G N produces a stopping line of fragments whose asymptotic 
frequencies exist. We denote the associated mass fragments of the latter by 
X(°)(t). As a process in time, X< a ' := {X< a >(t) : t > 0} is defined to be the 
a-self-similar fragmentation process associated to the dislocation measure v. 
Now returning to the definition of X^, one notes that, as a stopping line 
concerned with fragment sizes, it is blind to any time-changes made along 
individual nested sequences of fragments. Therefore, if one considers in the 
process X( Q ) [t] the first fragments in their line of decent to be smaller than 
r] in size, then one obtains precisely X^ again. We thus obtain the following 
corollary to Theorem [TJ 

Corollary 1. TheoremU\ is valid for any self-similar fragmentation process. 

We conclude this section by noting that the remainder of the paper is set 
out into two further sections. Some initial preliminary results followed by 
the proof of the main result. 



3 Preliminary results 

In this section we produce a number of initial results which will be collectively 
used in the proof of Theorem [H A key element of much of the reasoning is 
the now very popular spine decomposition which we briefly recall here; for 
a fuller account the reader should consult Bertoin and Rouault 12; LL3fl or 
Bertoin (s| however. 
The process 

oo 

A f (p):=^X^(t)e^, t>0 
i=i 

is a martingale for all p G (p, oo) which (thanks to positivity) converges 
almost surely to its limit which we denote by A(p). When p = p* it is the 
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same martingale discussed in the previous section. For each p G (p, oo) define 
the measure via 



rfP 



= J2 X 1 +P ( t )^ ip)t - (10) 

a{X(s):s<t} j=1 



Following the classical analysis of Lyons [28], Bertoin and Rouault [12]; [13 
show that the process (X,P^) is equal in law to the ranked asymptotic 
frequencies of an V- valued fragmentation process with a distinguished nested 
sequence of fragments known as a spine. The evolution of the latter is the 
same as the process II except for a modification to the way in which the block 
containing the integer 1, Ili(t), evolves for t > 0. This is done by working 
with a Poisson point process onPxN with intensity adjusted to be equal to 

<g> tl)|px{i} + (fi® t0lpx{2,3,-} where ^ P \dn) = |7ri|VW- 

An important consequence of this change of measure is that {— log|II 1 (t)| : 
t > 0}, has the characteristics of an exponentially tilted subordinator. Indeed 
note that with the help of a telescopic sum, an application of the compensa- 
tion formula for Poisson point processes and ([3]), we have for A, t > 

\ s<t 

= f EtofllliOOI^ds f (1 — |7r 1 | A )/x (p) (d7r) 
Jo Jv 

Jo Js i=1 

= $ (p) (A) / E (p) (|ni(s)| A )rfs 



where $^(A) = $(A + p) — Solving the above integral equation for 

E^(|Ili(t)| A ) shows that the intrinsic law of — log |IIi(-)| is precisely that of 
(f , P (p) ) where 



dP 



tr{£*:a<t} 

We also mention that the natural analogue of Biggins' martingale conver- 
gence theorem proved in Theorem 1 of states that there is L X (P) conver- 
gence of the martingale to A(p) if and only if p G (p,p) where p is the unique 
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solution to the equation (1 +p)&'(p) = $(p) and otherwise A(p) = almost 
surely. Note in particular that, since p > p if and only (1 < 
it follows that p* < p. 

Our first preparatory lemma is sometimes referred to as a 'many-to-one' 



identity (see for example 2J;[25|) and has appeared in many guises through- 
out the study of spatial branching processes as one sees, for example, in early 
work such as Bingham and Doney [13] on Crump-Mode- Jagers processes. 



Lemma 2. For all measurable f : [0, 1] — > [0, oo) we have 
E 



Proof. It will be convenient to introduce a third representation of fragmen- 
tation processes. Denote by = {©(i) : t > 0} the interval representation of 
the fragmentation process (see 0|). That is to say 6 is a sequence of nested 
random open subesets of (0, 1) in the sense that Q(t + s) is a refinement of 
6(t) for s,t > 0. The process X(t) can be recovered from Q(t) by ranking 
the sequence of the lengths of the intervals of which Q(t) is comprised. 
Next define for each u G (0, 1) 

T v (u) = infO > : \I u (t)\ < rj}, 

where |/„(t)| denotes the length of the component of 0(t) containing u. We 
may now write 

E ^E X .T/(^)) = ^j\uUu))ff(I u (T v (u)))du 

= ^IuiT.mffiluiUU)))], 

where U is an independent and uniformly distributed random variable. It is 
known however (cf. Bertoin and Martinez [U|) that the process {— log |/[/(t)| : 
t > 0} under P has the same law as the subordinator £ under P and hence 
we have 



(- i°g»?) 



thus completing the proof. □ 
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Next we define for 1 > rj > the families of subindices of the stopping 



line X,, 



Jr,,s = = 1,2,...: X v , > rj 8 } and J< s = {j = 1, 2, • • • : X Th] < V s } 
Note in particular that is the full set of indices of fragments in X^. 
Lemma 3. There exists an s > 1 such that for all s > sq 



5? £ K7 = am 



^-almost surely. 



Proof. We deal with the conservative and dissipative cases separately. Con- 
sider first the conservative case, p* = 0. In the terminology of the proof of 
the previous Lemma we may easily write 

= / 1 {\iu{T n {u))\< v *}du. (11) 

Let us temporarily write £ u (t) = — log x = — log rj and let r u (x) = 

inf{t > : £ u (t) > x}. Note that the event {\I u (T v (u))\ < r] s } is equivalent 
to the event 

tuMx)) -x 



> s-r 



X 



Since £ n is a subordinator with Laplace exponent <3>, and thus has finite mean 
by assumption (Al), it follows from the classical theory of subordinators (cf. 
Bertoin fl) that 

lim Ur u (x))-x =Q 

xloo X 

almost surely. The result now follows by an application of the Dominated 
Convergence Theorem in f TTTl) . 

Next consider the dissipative case so that p* < 0. In that case with 
p G (p,p*) we may develop (fTTi ) as follows, 

< ^-P) e -»(pK^xJJ'e*W^ ) (12) 
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where a V: j is the time that the block X Vt j enters the stopping time X,, and 
a v = inf{t > : X\(t) < rj}, the first time the largest block becomes smaller 
than rj. We claim that a v < oo almost surely finite. Indeed the almost sure 
finiteness of a v is a consequence of the classical result that the speed of the 
largest particle obeys the strong law of large numbers 

lim _ logX 1 (t) =$/( _ )>Q 

t\oc t 

P-almost surely. See for example Corollary 1.4 of Bertoin 0| . (The latter 
result was proved for homogenous fragmentation processes with finite dislo- 
cation measure, however the proof passes through verbatim for the case of 
infinite dislocation measure). Note also that since X(-) is a right continuous 
process with inverse ctq, standard arguments for right continuous monotone 
functions and their inverses imply that 

lim--^- = 

vio log rj 

P-almost surely. We therefore may proceed with the estimate (fT2l) and deduce 
that for all rj sufficiently small and e > 

y X^+.p* < ^(p*-p)+(i+^(p)/*'(p) y^x^e*^*™. 

Using similar arguments to those found in the proof of Lemma Q] one may 
show that the random sum on the right hand side above is the projection 
of the L 1 (P)-martingale limit A(p) onto the filtration T n and therefore is 
a uniformly integrable martingale for 1 > rj > 0. It now follows that by 
choosing s > -(1 + e)<&(p)[(p* - p)®'^)]^ 1 (recall that $(p) < 0) we have 

hm y XlY = 

as required. □ 

The previous lemma allows us to establish the following result. 

Lemma 4. For all bounded measurable f : [0, 1] — > [0, oo) and all s suffi- 
ciently large, 



lim|E((p, 3 ,/)|^)-(p,/)A(p*)| 

rjj.0 



F -almost surely. 
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Proof. We introduce the notation 

ip(x,r]) = E {p *\f(e'^- l °^/r])) 

for bounded measurable / : [0, 1] — > [0, oo) noting in particular by j9]) that 
lim^o ip(T), rj) = (p, f). For convenience we prove the result when rj is replaced 
by rf or equivalently with s replaced by 2s. By splitting the fragments in 
X r? 2 S into descendants of fragments in whose mass is no smaller than 
r/ s , descendants of fragments in whose mass lies between [i] 2s ,r] s ) and 
fragments which belong to both X,, and X r) 2 S we get with the help of the 
fragmentation property applied at the stopping line X^ and Lemma [2] that 

E(( Prj2s ,f)\F v ) = £ XlY^/X^/X,,) 

+ E X IY^ S / X ^ri 2s /X vd ) 

+ E X IY K X n,ih 2s ). (13) 

Note that 

sup V 2s / X vJ < V s -»• P-a.s. as rj | 

and hence, using Lemma 02, the first term on the right hand side of (TT3l) con- 
verges almost surely to {p, f)A(p*). Without loss of generality we may assume 
that / is uniformly bounded by 1 in which case ip is uniformly bounded by 
1 and then the second term on the right hand side of ( |T3l ) satisfies 

a? e Kr^/^v 2 */^) < iim Kr = o 

P-almost surely, where the final equality follows by Lemma [3l Similar rea- 
soning shows that the third term on the right hand side of f fT3l) converges 
almost surely to zero. □ 

The previous lemma showed that E((p v s, f)\J 7 r i) is a good approximation 
for (p, /). For a random variable Y we denote the L P (P) norm in the usual 
way, ||r|| p = E(\Y\ p y/ p . The next Proposition shows that E((p„ s , /)| F v ) is 
also a good approximation for {p v *,f) but now with respect to the L P (F)- 
norm. 
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Proposition 1. Suppose that f : [0, 1] — > [0, oo) is bounded and measurable. 
Then there exist constants p G (1, 2] and k p G (0, oo) such that for all s > 1 
and 1 > > 0, 



r?; I Ip 



< 



(p-i)(i+p*)/p 



Proof. Begin by noting that fragments in X^s are either descendants of frag- 
ments in or belong themselves to X^. With the help of the extended 
fragmentation property applied at the stopping line X,,, this incurs the de- 
composition 



(PffJ) -^({prfJ)\^ri) 



T 



+ E K?*^-^^)) 

E X^(A i -E(A,|^)), 



(14) 



where, given !F Vl Aj are independent, each having the same law as {p Vj ,f) 
under P with rjj = r] s /X v j. 

For the next part of the proof we need to make use of two inequalities. 
The first is lifted from Lemma 1 of Biggins [lfj. For independent, zero mean 
random variables {Yi, • • • , Y n } with reference expectation operator E and 
p G [1,2] we have 



E 



5> 

i=l 



< 



(15) 



i=l 



Note that an easy calculation using Fatou's Lemma also implies that if one 
has an infinite sequence of such variables then the same inequality holds 
except with infinite sums. The second inequality is a direct consequence of 
Jensen's inequality and says that for all u, v G IR and p > 1, 



\u + v\ p < 2 p -\\u\ p + \v\ p ). 



(16) 
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We may now proceed to compute for any p G (1, 2] 



E[K^,/)-E(w,/)iJ r i J )n^ J ] 

< 2* £ ^ +p >E(|A i -E(A i |^)n^) 



(17) 



where in the first inequality we have used (fT4l) and (fT5l) for infinite sums and 
in the second inequality we have used f fT6l) . We spilt the remainder of the 
proof into the cases that v is conservative and dissipative, respectively. 

Suppose first that v is conservative. Without loss of generality we may 
again assume that / is uniformly bounded by 1, in which case Aj < (p Vj , 1) = 
1 for all j e J Vt g. It follows from (fTTJ) that 



E[\( Pv s,f)-E((p v s,f)\F v )f] < 2 2 m[ £ X, 



(i+p*)p 



2 2p (p-l)(l 



+P*) 



(18) 



where we have used that ^^1^ = J2jX v j = 1- Taking the p-th root 
completes the proof for the conservative case. 

Next assume that v is dissipative. Continuing from the last inequality in 
(TT7l) we may apply Jensen's inequality to deduce that 



E[|( /£ v,/>-E(( /V ,/>l^)l P ] <2 2p E 



(19) 



In order to proceed with the estimate on the right hand side above and in 
particular to deal with the terms E(A^|jF^), it is first necessary to make an 
estimate on the quantity sup 1>??>0 E((p v , f) p ). As usual we assume without 
loss of generality that / is uniformly bounded by 1. We shall also henceforth 
proceed with our calculations taking p = p 0l where p was specified in (A3). 
Write q = p — 1. To complete the proof, we pursue a series of computations 
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inspired by ideas which are found in Hardy and Harris 
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We have 



= E<p*> [EV\(p v ,f)*\g)] 

< E^[E^\( Pv ,f)\gy] (20) 

where Q = cr{(7r(t), k(t)) : t > 0, k(t) = 1} is the cx-algebra generated by the 
spine and the final line above follows from Jensen's inequality. Appealing 
to the spine decomposition described at the beginning of this section, and 
writing T v = mi{t > : |IIi(t)| < 77}, we may further decompose 

(p v ,f) = {^(T^fdU^l/rj) 

oo 

+ E iw)=i}|ni(t-)| 1+p * E M*)I 1+P * A » 

t<T v i=2 

where, given Q, for each % — 2, 3, • • • the random variables Aj are independent 
and have the same distribution as {p Vi) f) under P with r/j = 77/ (|IIi(t — ) | |7Tj(t)|). 
Note in particular that thanks to the uniform boundedness of /, Aj < 1 for 
all i = 2,3, Taking account of the inequality (Yl'jLi a j) q — Sjli a ji 
which holds for any non-negative sequence of numbers {aj : j > 1}, using 
again the uniform boundedness of / by unity, referring back to (1201 ). making 
use of the compensation formula for Poisson random measures and recalling 
that under p( p *) the process — log | is equal in law to (£, P( p *)), we get 
the following estimate, 

< IHi^i^ + Eiw^iniCHr^MEl^WI 1 ^ 



< 1 + 




(21) 



Both integrals on the right hand side of (1211 ) converge. The first integral 
converges because 

$ (p,) (g(l +p*)) = $G»* + (p-l)(l+p*)) = $(p(l +p*) - 1) > $(p*) = 0. 
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The second integral can be shown, with the help of ([3]), to satisfy 

' oo \1 . / oo \ 1 / oo 




V 



which is finite thanks to assumption (A3). 

We have thus shown that there is a constant K v (which depends only on 
p) such that 

sup E{( Pri jy) < K p . 

1>T]>0 

Now returning to (TT9T) we may upper estimate sup je j- s E(A^|^ r ?? ) by K p . 
The remainder of the proof for the dissipative case follows the reasoning that 
was presented in conjuction with (fT8l ) for the conservative case, except now 
we use that E(^ ■ X]^ p ) = 1 instead of just Ylj-^nJ P = 1- ^ 

Before proceeding to the proof of the main theorem, let us conclude this 
section by stating a corollary of the previous Proposition which, apart from 
being contemporary with a similar classical result for various spatial branch- 
ing processes (see for example Hardy and Harris (i^l), is otherwise of no 
consequence as far as the remainder of the paper is concerned. 

Corollary 2. Suppose that v is a dissipative measure. Then the martingale 
{(p v , 1) : 1 > 77 > 0}, and hence the martingale {A t (p*) : t > 0}, converges 
in L P (F), where p = po and po was specified in assumption (A3). 

Proof. The proof is complete, thanks to standard arguments using dominated 
convergence and Doob's maximal inequality, as soon as it can be shown that 

E flim^, l) p ^ < 00. (22) 

However, taking / = 1 in the statement of Proposition Q] and noting that 
E((p^ 2 , 1)1^-"^) = (p Vl , 1), we see that when p = p , for all 1 > r/i > r] 2 > 0, 

lim \\{p m ,l) - (p m A)\\ P = 0, 

showing that {( Pri , 1) : 1 > r/ > 0} is a Cauchy family in the space of L P (P) 
right continuous martingales adapted to {JF^ : 1 > r\ > 0}. It follows that 
the almost sure limit point A(p*) = lim^o(p, ? , 1) also belongs to L P (P), and 
hence (El holds. □ 
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4 Proof of Theorem d 

The proof appeals to ideas which are are inspired by the analysis of branching 
processes appearing in Asmussen and Herring First we prove almost sure 
convergence of (p,,, f) on log-lattice sequences and this is then upgraded to 
convergence along the continuous sequence 1 > rj > 0. 

We start by appealing to the Markov-Chebyshev inequality followed by 
an application of Proposition [Q to deduce that for any 5, e > 0, p = po as 
specified in (A3), m — 2, 3, • • • and bounded measurable / : [0, 1] — > [0, oo) 

oo 

^P[|(p e -w,/) -E((p e _w,/)|^;-n«)| > e] 

71=1 

^ X 

< — Yl W(Pe- mnS 'f) - E ((pe-™^J}\F e ~n6)\\l 

n=l 

p 00 

< ^r e -«H)/p<oo 

— e P Z-^ 

n=l 

Together with the Borel-Cantelli Lemma this implies that, for any S > 0, 

\{p e -mn6,f) -E((p e -mn«5,/)|J r e -n«5)| ^0 (23) 

P-almost surely as n | oo. 

Next appealing to the triangle inequality, we have for s > 1 and 1 > r] > 
that 

\{p e - mnS ,f) - (p,f)\ < \(p e - mn S,f) -E((p e -W,/)|^' e -n«)| 

+ |E(( Pe - m „,,/)|^)-(p,/)A(p*)| 

and hence fl23]) and Lemma [4] imply that there exists a natural number mo 
such that for each m > m and 5 > 0, 

lim(p e - m „«,/) = (p,f)A(p*) 

n\oo 

P-almost surely. Since we may choose 5 > in an arbitrary way (it does not 
depend on the value mo), we may rescale 5 by m _1 and improve the above 
convergence to deduce 

lim(p e -^ /) = (p, f)A{p*) P-a.s. (24) 

njoo 
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for any 5 > 0. 

To remove the assumption that convergence holds only along log-lattice 
sequences, fix 6 > and take t G (nS, (n + 1)6) for n — 1, 2, • • • . Let us 
extend the domain of / to [0, oo) by defining f(x) — for x > 1. Amongst 
those fragments in the stopping line X e -t are fragments which are also to be 
found in X e -n*. It follows that 

+ E ^/(JfeVO 

= E X e--V( X -" i ^e- t ) 
i 

If we assume in addition that / is continuous and compactly supported (and 
therefore uniformly continuous) then for any given e > we have that there 
exists a 5 > such that whenever 5 < S 0l for all x G supp/, f{xe t ^ nS ) > 
f(x) — e. In that case we have with the help of (1241) that 

liminf(p e -t, /) > liminf (p e -us, f) - e(p e - n s, 1) = ((p, /) - e)A(p*) 

tjoo njoo 

P-almost surely for all 5 < So. As e > can be chosen arbitrarily small, 
we have that for all continuous / : [0, 1] — > [0, oo) which are compactly 
supported, 

liminf(p e -*,/)>(p,/)A(p*) 

t Joo 

P-almost surely. Next, given any continuous bounded / : [0,1] — > [0, oo), 
suppose that {/ n : n = 1, 2, • • • } is a sequence of continuous and compactly 
supported positive functions such that f n | / in the pointwise sense. It 
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follows that 



liminf (p e -t, /) = lim liminf {p e -t, f) 

tfoo fcfoo tfoo 

> lim liminf (p e -t, /fc) 

fcfoo ifoo 

> Vjm(p,f k )A(p*) 

= (PJ)HP*) (25) 

P-almost surely, where the final equality follows from the monotone conver- 
gence theorem taking account of the expression in ((7j) . If / : [0, 1] — > [0, oo) 
is now a positive, bounded and measurable function, then it can be approxi- 
mated from below by an increasing sequence of positive continuous functions 
and the computations in ( 1251) go through verbatim. On the other hand, for 
such an /, assuming without loss of generality that it is uniformly bounded 
by 1, we have, recalling that {(p e -«, 1) : t > 0} is a martingale with almost 
sure limit A(p*), 

lim sup (p e -t,f) < lim(p B -t,l) - liminf (p e -t, (1 - /)) 

tfoo *T°° *T°° 

< [1 - (p, (1 - /))]A(p*) 

= (pJ)Hp*) 

P-almost surely, where in the last inequality we have used ([25]) and in the 
final equality we have used that (p, 1) = 1. This completes the proof of 
Theorem [U □ 
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